We discuss the non-constant dilaton deformed AdS 5 × S 5 solutions of IIB supergravity where AdS sector is described by black hole. The investigation of running gauge coupling (exponent of dilaton) of non-SUSY gauge theory at finite temperature is presented for different regimes (high or low T , large radius expansion). Running gauge coupling shows power-like behaviour on temperature with stable fixed point. The quark-antiquark potential at finite T is found and possibility of confinement is established. It is shown that non-constant dilaton affects the potential, sometimes reversing its behaviour if compare with the constant dilaton case (N = 4 super Yang-Mills theory). Thermodynamics of obtained backgrounds is studied. In particular, next-to-leading term to free energy F is evaluated as
We discuss the non-constant dilaton deformed AdS 5 × S 5 solutions of IIB supergravity where AdS sector is described by black hole. The investigation of running gauge coupling (exponent of dilaton) of non-SUSY gauge theory at finite temperature is presented for different regimes (high or low T , large radius expansion). Running gauge coupling shows power-like behaviour on temperature with stable fixed point. The quark-antiquark potential at finite T is found and possibility of confinement is established. It is shown that non-constant dilaton affects the potential, sometimes reversing its behaviour if compare with the constant dilaton case (N = 4 super Yang-Mills theory). Thermodynamics of obtained backgrounds is studied. In particular, next-to-leading term to free energy F is evaluated as
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1 Introduction.
One of the unsolved problems in AdS/CFT correspondence [1] (for an excellent review, see [2] ) is how to obtain non-SUSY gauge theory with typical running coupling as the boundary side. The related question is about confinement in such theory. It is desireable to answer these questions from SG side as it gives strong coupling regime of boundary QFT.
There are different proposals to get running gauge coupling in non-SUSY theory: using Type 0 string theory approach [3] , deforming N = 4 theory [15] (also via AdS orbifolding [16] ) or making non-constant dilaton deformations of AdS 5 × S 5 vacuum in IIB SG [4, 5, 7, 8, 9, 10, 17] . In the last case nonconstant dilaton breaks conformal invariance and (part of) supersymmetry of the boundary N = 4 super YM theory. (In the presence of axion (RR-scalar) part of supersymmetry may be unbroken but dilaton is still non-trivial [14] ). Then, exponent of dilaton actually describes the running gauge coupling with a power-law behaviour and UV-stable fixed point. Within such picture the indication to the possibility of confinement is also found. The features of running and confinement depend on the axion [8] , vectors [9] , worldvolume scalar [10] or curvature of four-dimensional space [17] .
From another side, it is also realized that planar AdS 5 BH is dual to a thermal state of N = 4 super YM theory. The corresponding coupling constant dependence has been studied in ref. [18, 24] based on earlier study of SG side free energy in ref. [19] . Spherical AdS BH shows the finite temperature phase transition [20] what maybe used to realize the confinement in large N theory at low temperatures [21] .
In this paper we attempt to combine these two approaches, i.e. to find the deformation of IIB SG AdS 5 × S 5 background with non-trivial dilaton where AdS sector is described by BH (hence, temperature appears). Then, running gauge coupling of gauge theory at non-zero temperature is given by exponent of dilaton. We present the class of approximate solutions of IIB SG 3 with such properties where running coupling shows power-like behaviour in the temperature (in the expansion on radius). The quark-antiquark potential for these solutions is also found and possibility of confinement at non-zero temperature is established. Corrections to pozition of horizon (in near horizon regime) and to the temperature are calculated. Thermodynamics of obtained solutions is also investigated.
The paper is organised as follows. In the next section we present the approximate solution of IIB supergravity. It represents dilatonic perturbation of zero mass hyperbolic AdS BH. The temperature dependence of running gauge coupling (exponent of dilaton) and of corresponding beta-function is derived in different regimes. Quark-antiquark potential which is repulsive unlike to constant dilaton case is analyzed. Section 3 is devoted to the study of the same questions for background representing dilatonic deformation of (non)planar non-zero mass AdS BH. The temperature dependence of running gauge coupling is different from the situation in previous section. Confinement is possible as it follows from the study of quark-antiquark potential. In section 4 we investigate thermodynamic properties of our AdS backgrounds. Free energy, mass and entropy are found with account of non-trivial temperature corrections due to dilaton. This is compared with the leading behaviour of free energy in N = 4 super Yang-Mills theory. Some outlook is given in the last section.
2 Perturbative solutions of IIB supergravity, running gauge coupling and potential: zero mass BH case
We start from the action of dilatonic gravity in d + 1 dimensions:
In the following, we assume λ 2 ≡ −Λ and α to be positive. The action (1) contains the effective action of type IIB string theory. In the type IIB supergravity, which is the low energy effective action of the type IIB string theory, we can consider bosonic background where anti-self-dual five-form is given by the Freund-Rubin-type ansatz and the topology is M 5 × S 5 with the manifold M 5 which is asymptotically AdS 5 . If dilaton only depends on the coordinates in M 5 , by integrating five coordinates on S 5 , we obtain the effective five dimensional theory, which corresponds to d = 4 and α = 1 2 case in (1). This will be the case under consideration in this work.
From the variation of the action (1) with respect to the metric G µν , we obtain
and from that of dilaton φ
We now assume the (d + 1)-dimensional metric is given by
Here g ij does not depend on r and it is the metric in the Einstein manifold, which is defiined byR
HereR ij is Ricci tensor defined by g ij and k is a constant, especially k > 0 for sphere , k = 0 for Minkowski space and k < 0 for hyperboloid. We also assume ρ, σ and φ only depend on r. Then the equations (2) when µ = ν = t, µ = ν = r and µ = i and ν = j give , respectively,
4 The conventions of curvatures are given by
. Other components give identities. Eq.(3) has the following form
which can be integrated to give
Combining (6) and (7) and substituting (10), we obtain
If we introduce new variables U and V by
Eqs. (11) , (12) and (10) are rewritten as follows
Deleting U from (14) and (15), we obtain
When c = 0 the solution is given by
Here µ corresponds to the mass of the black hole. k = 0, positive or negative corresponds to planar, spherical or hyperbolic AdS BH, respectively. Using (18), Eq. (15) and (17) can be rewritten as follows:
When µ = 0, the solution is isomorphic to AdS. If we choose k < 0, the metric has the following form:
Here
The obtained AdS metric has a horizon at r = r 0 . When r ∼ r 0 , the metric behaves as
Then if we define a new coordinate ρ by
the metric has the following form:
Therefore when we Wick-rotate t by t = iτ , τ has a period of
, whose inverse gives a temperature T :
We now consider the perturbation with respect to c. We will concentrate on the case of type IIB SG in d = 4, by putting α = 1 2 . Note that in this approximation the radius is away from horizon. Near-horizon regime will be discussed independently.
For µ = 0 and k < 0 case, the leading term for the dilaton φ is given by substituting V 0 in (18) into (16) 
which gives the temperature dependent running dilaton. We should note that there is a singularity in the dilaton field at the horizon r = r 0 = 2πl 2 T . The fact that dilaton may become singular at IR has been mentioned already in two-boundaries AdS solution of IIB SG in ref. [4] . It is also interesting that when r is formally less than r 0 than dilaton (and also running coupling) becomes imaginary.
Since the string coupling is given by
we find the behaviour when r is large and c is small as
Here φ 0 has been absorbed into the redefinition of g s . Since r is the length scale corresponding to the radius of the boundary manifold, r can be regarded as the energy scale of the field theory on the boundary [11] . Therefore the beta-function is given by
The first term is usual and universal [5, 8] . The second term defines the temperature dependence. Let us comment on the case of high T . As we consider the behaviour near the boundary, first we take r to be large. After that we consider the case of high T . In this case r ≫ T l 2 and we can consider the large T case in the expression (29). The problem might happen when r ∼ T l 2 . In this case, we need to solve Eq.(26) with respect to r as a function of T and φ or coupling: r = r(g, T ). Then from (26) and (27), we find the following expression of the beta-function:
In case r is large, the above equation reproduces (29). We can also consider the case that the last term in (26) is larger than the second term which contains ln(· · ·). In this case, the coupling is given by
which changes the leading behavior of the beta-function:
This beta-function presumbly defines strong coupling regime of non-SUSY gauge theory at high temperature. It is interesting to note that in perturbative gauge theory at non-zero temperature the running gauge coupling contains not only standard logarithms of T but also terms linear on T (see ref. [22] and references therein). Of course, in our case we have not AF theory but the one with stable fixed point. Now we consider the correction for V and U , writing them in the following form:
Substituting (33) and neglecting the higher orders in c 2 , we obtain
With µ = 0 and k < 0 in the above equations one gets,
and c 1 and c 2 are constants of the integration, which should vanish if we require u, v → 0 when r → ∞.
From (35) and (36), we find that U and V or e 2ρ and e 2σ have the singularity at the unperturbative horizon corresponding to s = 1. Eq.(26) tells also that the dilaton field is also singular there. In other words, the expansion with respect to c 2 breaks down when s ∼ 0. Therefore the singularity in U, V would not be real one.
In order to investigate the behavior in near-horizon regime we assume that the radius of the horizon is large and use 1 r expansion:
We put the constant term to be zero assuming that the black hole mass vanishes. The absence of 1 r 2 term can be found from (19) . Eq.(19) also tells that
and e φ , V and U have the following forms:
¿From the equation V = 0 we find the position of the horizon
which gives the correction to the temperature:
Let us turn now to the analysis of the potential between quark and antiquark [6] . We evaluate the following Nambu-Goto action
with the "string" metric g s µν , which could be given by multiplying a dilaton function e φ to the metric tensor in (4). We consider the static configuration
Choose the coordinates on the boundary manifold so that the line given by x 0 =constant,
= 0 is geodesic and g 11 = 1 on the line. Substituting the configuration into (43), we find
Here T is the length of the region of the definition of τ . The orbit of r can be obtained by minimizing the action S or solving the Euler-Lagrange equation 
is a constant. If we assume r has a finite minimum r min , where ∂ x r| r=r min = 0, E 0 is given by E 0 = e φ(r min ) U(r min )V (r min ) .
Introducing a parameter t, we parametrize r by r = r min cosh t .
Then we find
2 min
Taking t → +∞, we find the distance L between "quark" and "anti-quark"
As one sees the next-to-leading correction to distance depends on the curvature of space-time [17] or temperature. Eq.(49) can be solved with respect to r min and we find
Using (45), (47) and (49), we find the following expression for the action S
Here E(L) expresses the total energy of the "quark"-"anti-quark" system. The energy E(L) in (51), however, contains the divergence due to the self energies of the infinitely heavy "quark" and "anti-quark". The sum of their self energies can be estimated by considering the configuration
= 0 and r = r(σ) (note that x 1 vanishes here) and the minimum of r is r min . Using the parametrization of (47), we find the following expression of the sum of self energies:
Then the finite potential between "quark" and "anti-quark" is given by
We should note that next-to-leading term is linear in L. Since BC A 2 + D A = 0.503697... > 0 and k < 0, the potential is repulsive. The above result has qualitatively different structure in the next-to-leading term due to the curvature parameter k from that in [23] , where the potential at finite temperature has been evaluated. The expression (53) is correct even at high temperature if L is small or r min is large. If r min is small and the orbit of string approaches to the horizon and/or enters inside the horizon, the expression would not be valid. Since the horizon is given by (21), the expression (53) would be valid if
or using (25) and (50),
We can also evaluate the potential between monopole and anti-monopole using the Nambu-Goto action for D-string instead of (43) (cf.ref. [13] ):
For the static configuration
= 0 and y = y(x), we find, instead of (44)
Since φ is proportional to c and V and U contain c in the form of its square c 2 , the potential between monopole and anti-monopole is given by changing c by −c in the potential between quark and anti-quark. Since the expression (53) does not contain c in the given order, the potential E mm (L) for monopole and anti-monopole is identical with that of quark and anti-quark in this order:
Hence, we showed that non-constant dilaton deformation of IIB SG vacuum changes the structure of potential and confinement is becoming non-realistic.
3 Running coupling and quark-antiquark potential at finite temperature: non-zero mass BH case
In this section we consider another interesting case that k = 0 and µ = 0, which corresponds to the throat limit of D3-brane [18, 19] 5 and V 0 has the following form:
5 In ref.
[18] α ′ -corrections to leading term (T 4 ) of free energy for above AdS BH have been derived. The temperature was actually fixed. In the case under discussion we consider dilatonic deformation of such AdS BH using tree level bosonic sector of IIB SG. Thus, we define the corrections (next-to-the leading term on the temperature) to solution (and free energy). e 2ρ and e 2σ have the following form:
Therefore when c = 0, the horizon is given by [18] r = µ 
and the black hole temperature is
In a way similar to k < 0 and µ = 0 case, we obtain
and c ′ 1 and c ′ 2 are constants of the integration, which should vanish if we require u, v → 0 when r → ∞. The approximation when r is far from horizon is again employed.
Using (62) and (63), we find the behaviour of the string coupling (27) when r is large and c is small (φ 0 is absorbed into the redefinition of g s ) :
The behaviour of the second term is characteristic for k = 0 case since the second term behaves as O (r −6 ) for k = 0. 6 Eq.(65) gives the following beta-function
The first term is universal one [5, 8] but the behaviour of the second temperature dependent term is characteristic for k = 0. We now consider the high temperature and r ∼ T l 2 case. For this purpose, we write the coupling as follows:
Here we used (63). Eq.(67) can be solved with respect to 1 r 4 :
On the other hand, Eq. (67) gives
Substituting (68) into (69), we obtain the following expression:
Using (62), we find the following expression of the temperature dependent beta-function:
Since T always appears in the combination of c T 4 , the high temperature is consistent with the small c. As one can see T -dependence is quite complicated. It is qualitatively different from the case of low temperature.
In order to investigate the correstions to the position of the horizon and the temperature, we use 1 r expansion as in the previous section assuming the black hole is large. Then we find
Then corrections to the position of the horizon and the temperature are given as
The discussion of potential between quark and anti-quark for above case maybe done similarly to the situation when k < 0 and µ = 0. Instead of Eqs. (48) 
Then we find the finite potential between "quark" and "anti-quark" is given by
The behaviour of the potential is qualitatively identical with that in [23] except L 3 -term in potential (next-to-leading term) contains the contribution from dilaton. Since
the L 3 potential becomes attractive if l 6 (πT ) 4 > γc (high temperature or small dilaton) and repulsive if l 6 (πT ) 4 < γc (low temperature or large dilaton). Here
Hence, we proved the possibility of confinement at finite temperature. The potential (78) is valid if r min is much larger than the radius of the horizon:
The potential between monopole and anti-monopole is given by changing c into −c in (78):
Therefore the L 3 potential becomes attractive if l 6 (πT ) 4 > −γc and repulsive if l 6 (πT ) 4 < −γc. In other words, the behaviour of monopole-antimonopole potential is reversed.
We now consider more general case where either k or µ do not vanish. If we define r
V 0 has the following form:
Since µ corresponds the black hole mass, µ should not be negative. If µ > 0, r 2 + is positive and r 2 − is negative when k > 0 and r 2 − is positive and r 2 + is negative when k < 0. Then r = r + corresponds to the horizon for k > 0 in c = 0 case and r = r − corresponds to the horizon for k < 0. Therefore there is only one horizon when µ > 0. On the other hand, when µ < 0 although it might look unphysical, there are two horizons corresponding to r = r ± when k < 0.
When c = 0, the temperature corresponding to the horizon at r = r ± is given by
When c is small but does not vanish, the leading behavior of φ is given by,
Then the behaviour of the string coupling (27) when r is large and c is small (φ 0 is absorbed into the redefinition of g s ) :
and the beta-function is given by
Note that the second term vanishes when k = 0, which is the reason why the behaviour of the next-to-leading term in k = 0 is different from that in k = 0. Eq.(85) gives the temperature dependence in the coupling (87) and the betafunction (88). The next-to-leading term shows again power-like behaviour on g as it happened already in IIB SG solutions of refs. [4, 5, 7, 8, 9, 10, 17] (no temperature) and in GUTs with large internal dimensions [12] . Note that two of the parameters k, µ and T are independent. If we consider the high temperature regime by fixing k, µ becomes large and the behaviour approaches to k = 0 case in (70). On the other hand, if we consider the high temperature regime by fixing µ, k is positive and becomes large and the behaviour approaches to k < 0 and µ = 0 case in (30). One can also find quark-antiquark potential which looks very complicated so we do not write it explicitly. The corrections to U and V coming from the non-trivial dilaton are given by u = c 
Thermodynamics of approximate AdS backgrounds of IIB supergravity
In the present section we will be interesting in the thermodynamical quantities like free energy. After Wick-rotating the time variables by t → iτ , the free energy F can be obtained from the action S in (1) where the classical solution is substituted:
Multiplying G µν with the equation of motion in (2), we find
Here we only consider the case of d = 4 and α = . Substituting (92) into (1), we find after the Wick-rotation
Here we used (21) . From the expressions of the metric G µν in (4) and (13), Eq.(93) is rewritten as follows:
Here V 3 is the volume of 3d Einstein manifold and r h is the radius of the horizon and we assume τ has a period of 1 T
. Since U has a singularity at r = r h in the expansion with respect to c, we use 1 r expansion. Furthermore the expression of S contains the divergence coming from large r. In order to subtract the divergence, we regularize S in (94) by cutting off the integral at a large radius r max . After that we subtract the divergent part. In case of k < 0 and µ = 0, we subtract it by using the exremal solution with c = 0 (U = 1):
which corresponds to the extremal solution (the solution has negative mass
). The factor
is chosen so that the proper length of the circle which corresponds to the period 1 T in the Euclidean time at r = r max coincides with each other in the two solutions with µ = 0 and k < 0 one and extremal one in (96). Then we obtain
With the help of (42), we find the following expression
In order to get the entropy S, we need to know T dependence of V 3 although V 3 is infinite. Since k is proportional the curvature, V 3 would be proportional to k
Therefore the entropy S and mass (energy) E are given by
In terms of string theory correspondence [18] , the parameters G and l are given by
Here the Yang-Mills coupling g Y M is given by the string coupling g s : g 2 Y M = 2πg s and N is the number of the coincident D3-branes. As V 3 is now dimensionless, we multiply l 3 with V 3 :Ṽ
Then Eqs. (98) and (100) can be rewritten as follows:
For k = 0 and µ > 0 case, we can obtain the thermodynamical quantities in a similar way using Eqs. (72) and (73) in 1 r expansion. We regularize S in (94) by subtracting the solution with µ = 0 and c = 0 (U = 1):
We can assume here that V 3 does not depend on T since k is fixed to vanish. Then we obtain for the case
8 (πT ) 
Note that the leading term in S is the volume of 3d manifold at horizon ( 
The leading behaviours of F and S are consistent with [18] . As we used 1 r expansion, the second terms in (106) become dominant when the radius of horizon r h is large and the parameter c specifying non-trivial dilaton is not very small. Notice that in other temperature regimes (or using another schemes for approximated solutions of gravitational equations) one can get also qualitatively different thermodynamical next-to-leading terms (on temperature). One has to remark that leading term in above free energy describes the strong coupling regime free energy for N = 4 super YM theory with the usual mismatch factor 3/4 if compare with perturbative free energy (for a detailed discussion of this case, see [18] ).
Discussion
We studied the approximate (dilaton perturbed) solutions of IIB SG near BHlike AdS 5 ×S 5 background. Thanks to presence of dilaton, the running gauge coupling of non-SUSY gauge theory at finite temperature may be extracted from these solutions. It is interesting that corresponding strong coupling regime beta-function may depend on the temperature in the complicated way (mainly, power-like behaviour). We also estimated quark-antiquark (and monopole-antimonopole) potential at finite temperature from SG side. Its comparison with the potential of N = 4 super YM theory at finite temperature is also done. It is remarkable that confinement depending on features of geometry and dilaton may occur.
As our IIB SG solutions are approximate (actually large radius expansion) it is clear that one is able to develop other schemes to search for similar solutions. Unfortunately, it is not yet clear how to identify explicitly boundary non-SUSY thermal gauge theory corresponding to these solutions. One possibility is to calculate free energy from SG side (with non-trivial dilaton) and compare it with free energy of perturbative thermal gauge theories with running gauge coupling. The last quantity is available in QFT.
Note also that one can generalize our solutions via adding RRscalar(axion) to bosonic sector of IIB SG as it was discussed in refs. [14] . As it follows from results of refs. [8, 17] the structure of running gauge coupling changes drastically in this case. In particular, part of supersymmetries may be unbroken [14] but asymptotic freedom may be realized in strong coupling phase [8, 17] . We expect that at finite temperature this property may survive.
